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The independent and dependent variables associated with drag and heat transfer to a flat plate at zero
incidence, in high-speed, rarefied flow, are analyzed anew to reflect the importance of kinetic effects occurring
near the plate surface on energy and momentum transfer, rather than following arguments normally used to
describe continuum, higher density flowfields. A new parameter, the wall Knudsen number Knxw, based on an
estimate of the mean free-path length of molecules having just interacted with the surface of the plate, is
introduced and used to correlate published drag and heat transfer data. The new parameter is shown to provide
better correlation than either the viscous interaction parameter \^, or the widely-used slip parameter K,, for
drag and heat transfer data over a wide range of Mach numbers, Reynolds numbers, and plate-to-freestream
stagnation temperature ratios.

Nomenclature
A = area of plate
a = speed of sound
C = Chapman-Rubesin constant
CD = drag coefficient
CH = Stanton number
CQ = heat transfer coefficient
Kn = Knudsen number
Knx w = reduced wall Knudsen number
M = Mach number
Pr = Prandtl number
p = pressure
R = gas constant
Re = Reynolds number
T = temperature
U = streamwise velocity
V^ = slip parameter
a = relates pw to x~
y = ratio of specific heats
A = mean free-path length
/u = coefficient of viscosity
f = relates CQ to CH
p = density
X-* — viscous interaction parameter
oo = exponent in IJL oc TM

Subscripts
e =
fm
ref
w =
X =

0

edge of boundary layer
free-molecule conditions
reference state
wall condition
distance from leading edge
freestream stagnation conditions
freestream conditions
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Superscript
* = denotes modified parameter

Introduction

I N reviewing data presented in the literature concerning
drag and heat transfer acting on flat plates in various flows,

one is struck by the variety of parameters used to correlate
results for particular experiments.1"11 In incompressible flow,
the drag of, and the heat transfer to, a flat plate at zero
incidence, are generally expressible as functions of the Rey-
nolds number Rex^, the Prandtl number Prx, and the plate
temperature Tw, because the physical problem is fair ly
straightforward.12 However, for compressible flow, as the
Reynolds number is decreased while holding Mach number
fixed, the displacement effects of the boundary layer become
important, and it becomes increasingly difficult to find suit-
able correlating parameters for such conditions.

A parameter frequently used to characterize flowfields with
appreciable boundary-layer displacement is the viscous inter-
action parameter x~, which originates from an analysis of the
pressure distribution on a flat plate.13 Although it correlates
pressure distributions fairly well,13 it has not been as successful
in correlating drag and heat transfer measurements. The vis-
cous interaction parameter is defined by the relation

M3\/C

where C is the Chapman-Rubesin constant, given by

(1)

(2)

and where k cref ' denotes some reference state.
Another parameter, one that has met with some success in

correlating drag and heat transfer measurements, is the so-
called slip parameter Vy.. This parameter has been related to
a ratio of length scales,2-14 as well as a pressure coefficient
expressed in terms of x*.-15 It is usually defined as

Af.VC
(3)
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In the strong interaction regime, the connection between Vy_
and CD can be shown as follows. The analytical result for drag
in this regime is often represented by13

CD

Rearranging and using Eq. (3), we obtain

(4)

(5)

We propose that one employ a length scale ratio different
from VV, one formed by the ratio of the mean free-path length
of molecules emitted from the plate surface to the running
length of the plate from the leading edge. This definition (to
be developed below), introduces a Knudsen number defined
by the relation

(6)

In Eq. (6), y is the ratio of specific heats, Tw is the temperature
of the plate's surface, and co is the exponent in a power law
representation of viscosity, given bv

(7)

We will demonstrate below that for a wide range of M^ and
Rex^, the parameter defined by Eq. (6) correlates drag and
heat transfer measurements better than Eq. (3) in the weak
and strong viscous interaction regimes.

Wall Knudsen Number
Within one local mean free-path length of a body immersed

in a.gas there exists what is called a "Knudsen layer."16 Within
this layer, molecules are more likely to collide with the surface
of the body than with each other. From the kinetic viewpoint,
only collisions between gas molecules and the surface provide
the physical mechanisms for drag and heat transfer. Under
the rarefied conditions encountered in the viscous interaction
regimes, the large local mean free-path lengths lead to rather
thick Knudsen layers. We then anticipate that the mean free-
path length of the newly-emitted molecules AM, could be im-
portant in the basic physics determining flat plate drag and
heat transfer. On this basis, we choose to introduce the Knud-
sen number defined by the nondimensional length scale

and employ it in correlating data associated with rarefied
flows. In Eq. (8), jc is the running length along the surface
from the leading edge of the plate.

One may evaluate the wall Knudsen number Knx w using
the following approach. From the kinetic theory expression
relating viscosity and mean free-path length, where p and a
are the local density and speed of sound, respectively, we
have

A = (9)

On using definition (8) for an arbitrary point in the flow, we
obtain

Knx = (10)

The ratio of the mean free-path length at the surface to that
in the freestream is obtained from Eq. (9), and it reads

(11)

Assuming the power law viscosity-temperature relationship
(Eq. (7)), and on using/? = pRT, we then have

(12)

Finally, on using Eq. (10) evaluated at freestream conditions,
we obtain our desired relation, given by

(13)

It is now appropriate to review the pressure and temper-
ature ratios appearing in Eq. (13). We will use the approxi-
mation for pressure in the weak interaction regime, i.e., where
PJP~ ~ pJp~ ~ 1 + ax~ ~ I - 1 3 This approximation has also
been used for heat transfer analyses in the strong interaction
regime, stemming from observations that streamwise pressure
gradients apparently do not affect the thermal boundary layer.17

On this basis, we write

/Try
(14)

which was cited as Eq. (6) above.
For the temperature ratio appearing in Eq, (14), we note

that the plate temperature is a fixed, independent quantity in
experiments employing a cold, constant-temperature plate. It
is usually presented experimentally as TJT(), where T(] is the
stagnation temperature. From the known relation for ro, we
can write

1 + 7 ~ (15)

In experiments where it is appropriate to assume that the
plate is insulated, a good approximation for the plate tem-
perature, empirically demonstrated by many authors,121S is
the expression for the recovery temperature of an insulated
plate in laminar, incompressible flow.12 It is given by

(TJTJ = 1 + [(y - 1)12} (16)

In either case, from Eqs. (15) and (16), we see that TJTX is
proportional to M2 when the Mach number is large. The
dependence of Knx w on the Mach number and the Reynolds
number for large Mx, therefore, varies as

Ml"
(17)

Comparing the functional dependence of the three param-
eters defined by Eqs. (1) and (3), and the square root of Eq.
(17), one finds that they have essentially the same Reynolds
number dependence, but significantly differ in their Mach
number dependencies. We note for Eq. (17) that an explicit
dependence on the Mach number arises from the physics re-
lating the local mean free-path to freestream variables, and
an implicit dependence arises from the role of the wall tem-
perature.

A difference in the formulation of Knx^. from ^, and Vy_,
lies in its connection of the freestream static temperature to
the plate temperature, rather than the freestream stagnation
temperature for high surface temperature conditions. We pro-
pose to use Eq. (15) or Eq. (16) for the wall temperature
ratio in defining Knv „., so that we may determine whether a
broader correlation would be found for drag and heat transfer
data than by simply assuming Pry = 1 and large Mach num-
bers.13 When computing x*. °r ^., one must decide where to
evaluate the constant C in the boundary layer for the linear
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viscosity-temperature fit.3-5 6 9 We have based the parameter
Kn, n. on the plate temperature, regardless of the temperature
variation normal to the surface within the boundary layer.
Disregarding this normal boundary-layer temperature varia-
tion, is in keeping with the concept that the kinetic effect of
gas-surface collisions principally determines the drag and heat
transfer to the plate.

When freestream conditions become even more rarefied
than those associated with the viscous interaction regimes,
one must distinguish between the mean free-path length as-
sociated with collisions between surface-reflected molecules
and the incident flow, and that associated with collisions be-
tween two newly-reflected molecules.18 Our interpretation of
AM is associated with the occurrence of this latter type of
interaction. Certainly, such a distinction would be necessary
in the nearly free molecule "first collision" regime, where
some investigators reason that the former mean free-path
length is the dominant length scale.18"20 Arguably, the dis-
tinction could be important throughout the entire transitional
"slip flow" regime, which usually borders on the strong in-
teraction zone. Physically, in slip flow at the molecular level
(as a molecule collides with a solid surface) diffuse scattering
still dominates; that is to say, that there is no preferred di-
rection associated with the re-emitted molecule.21 But upon
re-emission, there is little probability that it will collide with
neighboring molecules in the vicinity of where it was emitted.
Therefore, a sampling of molecules in this region reveals ap-
preciable bulk velocity even as the solid surface is approached
closely. The physical behavior of slip flow is controlled by the
fact that the flow is locally no longer collision-dominated, in
contrast to the continuum limit. This suggests that the cor-
relating ability of Knx w diminishes when the flowfield be-
comes sufficiently rarefied, and the distinction between in-
cident and reflected molecules becomes important.

A general theory for rarefied flows remains unknown, and
specific expressions for the drag coefficient CD and the Stan-
ton number CH as functions of M^ and Rex^ (or a suitable
Knudsen number) are not available. Straightforward plots of
experimental data in these basic variables yield families of
curves. In an attempt to reduce this variation, one may replace
the dependent variables with those occurring in the known
theory for the free-molecule limit. Basing the drag coefficient
on two-sided drag, the area of the plate, and by assuming
fully-diffuse reflection, the appropriate expression in the free-
molecule limit is given by2

(18)

Therefore, by using the product CDMV as a dependent vari-
able, the single value of VS/Vy is obtained for all Mach num-
bers and plate temperatures as the free-molecule limit is ap-
proached.

Finding a corresponding limiting value for the heat transfer
coefficient is more complicated. The free-molecule equation
for the heat transfer coefficient, using the assumptions of Eq.
(18), is given by13

cc,(l Q _L / 2

M.x

{ , 1 r 1 /T \ / 1
i + y — I-^ I I — + y—

y(y - 1) IMI \TJ \Ml_ 2 (19)

The quantity Q is defined as the amount of energy delivered
to the plate from the fluid per unit time. In the limit of large
Mach numbers, we may write

Finally, under "hyperthermal" conditions, which are distin-
guished by large Mach numbers and very cold surface tem-
peratures,18 we find the limiting expression

lim /Jfm = V(2/7ry) (21)

Only under hyperthermal, free-molecule conditions is the
product CQMy a constant. Let us denote the general free-
molecule product given by My and Eq. (19) as (CQMx)fm. In
order to correlate experimental heat transfer data so that a
single value is reached in the free-molecule limit (assuming
complete thermal accommodation) we simply take the ex-
perimental values of CQMy_ and multiply by a ratio made up
of the hyperthermal free-molecule limit (Eq. (21)) over the
free-molecule limit given by Eq. (19). The modified value of
CM^ is introduced as the ordinate variable

(22)

The parameter CQ introduced here is related to the Stanton
number CH by

where

(23)

(24)

assuming a constant ratio of specific heats y. Notice that in
the hyperthermal limit, a "Reynolds Analogy" exists between
the drag and heat transfer coefficients in Eqs. (18) and (21),
where CQ = CD/2.

Results
The following figures illustrate the abilities of the two most
commonly used hypersonic variables, V^ and ̂ , along with
the proposed hypersonic parameter Knx^., to correlate drag
and heat transfer data resulting from many experimental
investigations of supersonic, low-density flow of diatomic
gases over flat plates at zero incidence with sharp leading
edges.1 6 - 9 1 1 Those experiments having surface temperatures
near the theoretical recovery value, will be referred to as "hot
wall" data, and those having much lower surface tempera-
tures, shall be referred to as "cold wall" data. The values
used for C in x~ and Kc, when they were not given by the
investigators, were evaluated at a rret estimated either by
using Eq. (16) for insulated plates, or by using the averaging
process suggested by Cheng for cold wall cases.9 In an attempt
to provide continuity between plots using different indepen-
dent variables, and to measure their relative effectiveness, it
was decided to present them with the same Reynolds number
dependence in the numerator. The final forms of the variables
plotted in the following figures are CD and CH vs \l\^ and

and and (CC,MJ* vs

\ (20)

nx^_nx^ is re-
placed here by the reduced Knudsen number Knx^., where
the latter differs from Knx w by dropping the numerical prefix
VTry/2. An added benefit from this presentation is that the
data appear more like the familiar Cf) vs Rex^ plots depicted
in continuum theory. As noted earlier, we see that the Mach
number dependence of Kn, u. lies between \^ and Vv. , although
it is closer to V.,_.

Figure 1 displays hot wall drag coefficient data sets for Mach
numbers ranging from 2.5 to 20 and Reynolds numbers of 34
to 2. 4 x 106. Figure la shows that when the viscous interaction
parameter x*. *s used, the resulting correlation is very poor.
(This trend persists for all data presented herein, as has been
noted by others.2 2 2 3) When using the slip parameter V,., as
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Fig. 1 Comparison of hot wall drag coefficient data vs three corre-
lation parameters. Presented as CD vs the reciprocal of a) the viscous
interaction parameter \^ , and b) the slip parameter Vy_ , and CDM^
ysjthe reciprocal of (c) the square root of the reduced Knudsen number
Knxw.
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Fig. 2 Comparison of cold wall drag coefficient data vs three cor-
relation parameters. Presented as CD vs the reciprocal of a) the viscous
interaction parameter jj',., and b) the slip parameter V^, and CDM,
vs_the reciprocal of c) the square root of the reduced Knudsen number

seen in Figure Ib, there is good correlation only at moderate
Mach numbers. A Mach number data dependency is evident
here, since the drag coefficient drops at constant V^ with
increasing M^. Figure Ic shows the superior features of Knxw
over the entire range of data. Only the trailing portion of
Bottcher et al.1 M^ = 1 data set lies outside of the locus, and
the apparent evidence of incomplete momentum accommo-
dation in the transitional regime for their M^ = 20 data is
left unexplained by the authors.1

Figures 2a-c show a similar presentation for the cold wall
data sets of Vidal and Bartz5 and Wallace and Burke.6 Mach
numbers range from 7 to 22, Reynolds numbers from 20 to
2.2 x 10s, and wall to stagnation temperature ratios from
6 to 11%. In Figure 2a, it is again observed that \^ is a poor
choice, although its use here is more effective than for
the hot wall data of Figure la. The slip parameter V^ (Figure
2b) apparently demonstrates very good correlation for values
less than 0.1, which in terms of ^x, places those values well
in the strong_interaction zone. The corresponding plot of
thisjdata vs Knx^. (Fig. 2c) shows that it is not well-correlated
for Knx^. < 0.01 . Above this value, Knx^. is almost as effective
as V^ appears to be.

A closer examination of Fig. 2b, however, reveals that the
slope associated with the Vidal and Bartz data plotted against

V^_, appears steeper than that associated with Wallace and
Burke's. This is because the Wallace and Burke data plotted
here consists of a few data points taken at each set of free-
stream conditions, where Mach numbers ranged from 7 to 22.
For Vidal and Bartz's data, Mach numbers only varied from
19 to 22. Plotting Wallace and Burke's data with different
symbols for each Mach number, a Mach number dependency
becomes evident. The values of CD at My_ = 1 for a given Vy_
are 50-100% greater than those at M^ = 1 1 . 6 and 15.5. This
Mach number dependency is eliminated in Fig. 2c when using
Knx^.. The presentation of additional cold wall drag data sets
with greater freestream Mach number and stagnation tem-
perature ratio variation would prove enlightening.

Figure 3 shows results from various cold wall heat transfer
investigations. Use of \y_ in Fig. 3a results in the same poor
level of correlation obtained for the data of Fig. 2a. Using
V-,. (Fig. 3b) results in better correlation, but again there is a
data dependency on the Mach number and stagnation tem-
perature ratio, which is obscured by the Wallace and Burke
data. The Stanton number tends to increase at constant V7_
with increasing M^ and TJT(}. This problem appears to be
overcome in Fig. 3c by plotting the heat transfer data against
Knx^., which exhibits fairly good correlation throughout the
entire viscous interaction range.
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Fig. 3 Comparison of cold wall heat transfer coefficient data vs three
correlation parameters. Presented as CH vs the reciprocal of a) the
viscous interaction \^, and b) the slip parameter Vx, and (CQM^)* vs
the reciprocal of c) the square root of the reduced Knudsen number

In the results presented above, it was considered desirable
to use VXfl_v>M. as a correlating parameter in order to make
comparisons with the viscous interaction parameter x~ and
the slip parameter l/x. Generally, it would be more straight-
forward to plot results using Knx^. as presented in Eq. (14).

Conclusions
The independent and dependent variables associated with

drag and heat transfer to a flat plate at zero incidence in high-
speed, rarefied flow were analyzed anew to reflect the im-
portance of kinetic effects occurring near the plate surface,
rather than following arguments normally used to describe
continuum, higher density flowfields. A new parameter, the
wall Knudsen number Knx^., was introduced and used to cor-
relate published drag and heat transfer data for a wide range
of experimental conditions. The new parameter was shown
to provide better correlation than either the viscous interac-
tion parameter \~ °r the widely-used slip parameter V^.
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